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Abstract 

We examine the low energy structure of A/" = 1 supersymmetric S'O(IO) gauge theory 
with matter chiral superfields in Nq spinor and Nf vector representations. We construct a 
dual to this model based upon an SU {Nf + 2Nq — 7) x Sp{2Nq — 2) gauge group without 
utilizing deconfinement methods. This product theory generalizes all previously known 
Pouliot-type duals to SO{Nc) models with spinor and vector matter. It also yields large 
numbers of new dual pairs along various flat directions. The dual description of the 
S'O(IO) theory satisfies multiple consistency checks including an intricate renormalization 
group flow analysis which links it with Seiberg's duality transformations. We discuss its 
implications for building grand unifled theories that contain all Standard Model fields as 
composite degrees of freedom. 
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1. Introduction 



During tlie past two years, significant theoretical interest and effort lias been directed 
towards finding dual descriptions of strongly interacting Af = 1 supersymmetric gauge the- 
ories. This enterprise was launched by Seiberg's construction of a dual to SUSY QCD 
Seiberg's discovery provided valuable insight into such general nonperturbative aspects of 
quantum field theory as confinement, massless solitons, phase transitions and conformal 
fixed points. A number of duality transformations uncovered since Seiberg's pioneering 
work have shed light upon other interesting phenomena including strong interaction cloak- 
ing of chirality [|| and dynamical supersymmetry breaking 0-^. Unfortunately, no sys- 
tematic field theory method for mapping long distance universality classes of microscopic 
supersymmetric gauge theories has so far been developed, and finding duals to models 
with more than just fundamental matter contents remains difficult. A few specialized 
strategies which simplify the search have been devised by various groups. But given that 
the number of such theoretical tools is still quite limited, it is clearly worthwhile to discover 
and study more novel examples of duality. 

In this article, we present an entire class of new dual pairs that exhibit several in- 
teresting patterns. One member of each pair consists of an S'O(IO) gauge theory with 
matter in Nq spinor representations and Nf vector representations. Its dual counterpart 
is a chiral model with semisimple gauge group SU{Nf + 2Nq - 7) X Sp{2Nq - 2). I Du- 
als involving product groups have appeared before in the literature P-[7|,|20|-|23[| . Many of 
these dualities can be derived by straightforward application of Seiberg's results |jl|] to in- 
dividual group factors. Others ||T^ , ^P3| represent nontrivial generalizations of the duality 
transformations of Seiberg and of Kutasov , but still connect two theories of the same 



Cartan class. For example, in such models one finds that an SU{N) x SO{N') theory with 
appropriate matter is dual to a similar SU{N) x SO{N') theory. The product duals which 
we analyze in this paper qualitatively differ from these earlier examples. Moreover, they 
generalize all previously known Pouliot-type duals to various SO{Nc) gauge theories with 
particular spinor and vector matter contents P,|3|j27|- [30|] . As we shall see, this new double 



array of dual pairs provides several novel insights into A/" = 1 duality. 



^ Recent D-brane work of several investigators has led to a deeper understanding of A/" = 1 
duality [p"0|-p^. In this article, we follow a field theory approach to the subject. 
^ We take the fundamental irrep of Sp{2N) to be 2A'^ dimensional. 
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Our article is organized as follows. We first focus upon the SO{10) theory with two 
spinors and discuss its confining phase in section 2. We then construct the SU{Nf — 3) x 
Sp{2) dual to the Nq = 2 theory in section 3 and verify that it satisfies multiple consistency 
checks including anomaly matching, composite operator mapping, and duality preservation 
along flat directions. In section 4 which contains our main results, we investigate the 
general product duals to SO{10) models with arbitrary numbers of spinor and vector 
matter fields. We use these duals in section 5 to build grand unified theories that contain all 
Standard Model bosons and fermions as composites. Finally, we summarize our findings in 
section 6 and present details on exotic operator maps, two corollary duality transformations 
and an intricate renormalization group flow analysis in four separate appendices. 



2. The Nq = 2 50(10) model 

We begin our study by considering a supersymmetric gauge theory with symmetry 
group 

G = ^O(10)iocai X [SUiNf) X SUi2) x [/(I), x U (1) ^] (2.1) 
chiral superfields 



A^^ — 4 



(2.2) 



and zero tree level superpotential. The hypercharge and R-charge assignments for the 
vector and spinor matter flelds are chosen so that the model is free of global anomalies. It 
is also asymptotically free so long as its Wilsonian beta function coefficient i 

bo = l [3K(Adj) - ^(P)] ='^0-Nf (2.3) 



matter 
reps p 



is positive. The beta function that governs the running of the physical gauge coupling 
is then negative at weak coupling ||31[]. The theory's infrared dynamics are consequently 
nontrivial provided it contains Nf < 20 vectors. 

Generic expectation values for the matter fields break the SO{10) gauge group ac- 



cording to the pattern [32 



SO{10) G2 ^ SUi?,) ^ SU{2) 1. (2.4) 



We adopt the 50(10) index values K{10) = 2, K{16) = 4, and K{45) = 16. 
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This expression illustrates the hierarchy of gauge symmetries realized at progressively 
longer distance scales, assuming that the spinor vevs' magnitudes are larger than the first 
vector's, which in turn is larger than the second vector's, and so forth. Using this sym- 
metry breaking information, we can straightforwardly count the gauge invariant operators 
that are needed to act as moduli space coordinates for small numbers of vector flavors 
0,^. Such gauge singlets enter into the effective low energy description of the micro- 
scopic SO{10) theory. In Table 1, we display the number of partonic degrees of freedom 
and the generic unbroken color subg roup -fflocal clS & function of Nf. The dimension of 
the coset space GiocaiZ-ffiocai coincides with the number of matter fields eaten by the su- 
perHiggs mechanism. The number of remaining uneaten partons listed in the last column 
of the table equals the number of independent hadrons which label flat directions in the 
effective theory. 



Nf 


Parton DOF 


Unbroken Subgroup 


Eaten DOF 


Hadrons 





32 


G2 


45 - 14 = 31 


1 


1 


42 


SU{3) 


45 - 8 = 37 


5 


2 


52 


SU{2) 


45 - 3 = 42 


10 


3 


62 


1 


45 


17 


4 


72 


1 


45 


27 


5 


82 


1 


45 


37 



Table 1: Number of independent hadrons in the 5'O(10) theory with two spinors 



In order to explicitly construct the hadron fields, it is useful to recall the tensor 
decomposition of the SO{10) spinor product 

16 X 16 = 10s + 120^ + 126s = [l]s + [3]a + [sj^. (2.5) 

Here [n] denotes an antisymmetric rank-n tensor irrep, the "S" and "A" subscripts indicate 
symmetry and antisymmetry under spinor exchange and the tilde over the last term implies 
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that the rank-5 irrep is complex self-dual [33|. We form symmetric and antisymmetric 
combinations of the two spinors using the Pauli matrices a"xcr2 (x = 1,2,3) and cr2 as 
Clebsch-Gordan coefficients. We next contract vector superfields into the bispinor pairs 
utilizing 5*0 (10) Gamma matrices and charge conjugation matrix C . § We thus produce 
the gauge invariant composites 



K 



p[ijk] 
p[ijkl] 



rp[ijklr 



QJi(r^cr2),jT^CQjQlia^a2)^,T^CQ, ~ (l; 1, 1; 4iV^, 4 



Nf 



Nf + 4 



) 



F^^~(l;m,l;-8,2 



Nf~4 
Nf + 4 



) 



Nf — 4 

Q^{a^cr2),jrCQj ~ (1; □ , 3; 2Nf - 4, 3^^^) 

l^QJM.jPr'f'^CQj ~ (1; g , 1; 2iV; - 12, 5 
1 



Nf 



Nf + 4' 



Nf-4 



^Q';{<r^<r2).jT^CQ.,Ql{a^a2)K.T^Y^y^Y^r^CQ, ~ (l; g , 1; 4iV^ - 16, 8^^ ^ ^ 

^Qr(axa2),.f[TT'f'f'"'c'Q.~ (1; : , 3; 2iv^ - 20, 7^^) 



) 



(2.6) 

where Greek, small Latin and large Latin letters respectively denote 50(10) color, SU (Nf) 
vector and SU{2) spinor indices. 

It is instructive to compare the number of these composite operators with the number 
of independent flat directions as a function of Nf. We perform this comparison in Table 2. 
Looking at the table's entries, we see that K, M, and P account for all massless fields 
in the 5*0(10) model with three or fewer vector flavors. On the other hand, the hadron 
count exceeds the needed number of composites by one when Nf = 4. A single constraint 
must therefore exist among the hadron fields in this case. The precise quantum constraint 
relation is fixed by symmetry and the classical limit | . It appears in superpotential form 
as 

X[4i?2 + l2KP,NP^Pj - 36NlNiP,P, - 12ie,,,,,,,,e^^^N^^ N^,^ N'^^ M'^^ P^ 
+ ei^,^^^,^ej^j^j^j^{2KM'^^^M'^^^M'^^^N'^N^^^ - 9N^^ N^^ N^^ N^-" M'^^^ M'^^^) 
- 4K^ det M - ] 

(2.7) 



^ We implicitly regard the 16-dimensional 50(10) spinor as the projection Q = P-Q32 where 
Q32 denotes the 3 2- dimensional spinor of 50(11) and P = §(1 - Tn). The 32 x 32 Gamma 
matrices of 50(10) along with its charge conjugation matrix C come from the Clifford algebra of 
50(11). 
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7~) 
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1 


constraints 





-1 
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1 
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1 


1 
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10 


1 


3 


6 
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o 
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4 


27 


1 


10 


12 


4 


1 




-1 


5 


37 


1 


15 


15 


10 


5 


3 


-12 



Table 2: Hadron degree of freedom count in the 5*0(10) theory with two spinors 



where the superfield X represents a Lagrange multipher. As a check on this result, one 
can Higgs the 5'O(10) gauge group down to SO{Q) ^ SU{A) by giving vevs (V^) = 
to the four vectors. The two 16- dimensional spinor fields then split apart into four 4 + 4 
pairs. After the 5'O(10) hadrons are decomposed in terms of SU{4) mesons and baryons, 
one finds that the quantum constraint in ( |2.7D properly reduces to the Nf = Nc = 4 SUSY 
QCD relation det M^^^ - BB = 

The hadron fields in the Nf = 5 theory are restricted by 12 independent relations. 
These constraints are encoded within the equations of motion that follow from the Nf = 5 
superpotential 



A 15 
^^5 



12i^TxTx + 36zexYziViiV^PzjTz - 24N'^R,T^ + ?,t'^^'^ P,,PkiRm + 4R,M'^ R, 



+ GKM'^M'^'P.kPji - 36M'^N^Nl,P,kPji - Qie,,,,,,,,,,e^^^N;i Nl,^ Ni,' M'^^ M'^^ P,k 

+ eiii2i3Mi5ejij2j3j4j5 {- K M''^' M'^^^ M'^^^ M'*^* N^^ N^' - m'^Nl^N'^^Nl^M'^^^^M'^^^M'"^'') 
- 4i^ 2 _ 

(2.8) 

After varying this complicated expression, we observe that the origin K = M = N = P = 
R = T = satisfies all equations of motion and lies on the quantum moduli space. Since 
the full global symmetry group remains unbroken at this point, all 't Hooft anomalies cal- 
culated within the microscopic and effective theories should agree. We find that the parton 
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and hadron level SU{Nf)^, SU{Nf)'^U{l)y, SU{NfyU{l) i,,, SU{2fU{l)Y, SU{2)^U{l)n, 
U{1)1, U{1)1, U{l)lU{l)n and anomalies do indeed match 

when Nf = 5 . This nontrivial anomaly agreement strongly suggests that the effective 
theory contains only the composite fields in (p.6| ) and no additional colored or colorless 
massless degrees of freedom. 

The Nq = 2, Nf = 5 SO{10) model is clearly analogous to Nf = + 1 SUSY 
QCD which is commonly, though imprecisely, referred to as confining. The 5*0(10) 
theory with Nq = 2, Nf = 6 is similarly reminiscent of SUSY QCD with Nf = Nc + 2 
fiavors, inasmuch as microscopic and macroscopic global anomalies fail to match and any 
effective superpotential would have to involve a branch cut. The anomaly mismatch cannot 
be remedied by introducing additional color-singlet fields without disrupting the Nf = 5 
results. Moreover, the Nf = 6 model fiows along a spinor fiat direction to G2 theory with 
six fundamentals which is known to exist within a nonabelian Coulomb phase [||. We 
conclude that the Nf = 6 5*0 (10) theory cannot be represented in terms of gauge singlet 
operators in the far infrared. Instead, we expect that it resides within a new phase which 
possesses a dual description. As we shall see in the next section, this expectation is correct. 



3. The SU(Nf - 3) X Sp(2) dual 

Although no systematic field theory method currently exists for constructing nontrivial 
duals, some patterns have been found in special cases. For instance, partners to several 



models which possess tree level superpotentials [p4| , p5| , |37H 40|] have been uncovered following 
Kutasov's first example of SUSY QCD with adjoint matter [^. Another class of dual 
pairs which exhibits certain trends stems from Pouliot's G2 model with Nf fields in the 
fundamental irrep 0. The dual to this theory is based upon an SU{Nf — 3) gauge group, 
and its matter content includes a symmetric tensor. Counterparts to 5*0(7), 5*0(8), 5*0(9) 
and 5*0(10) generalizations of Pouliot's G2 model are qualitatively similar P,|3|,p7|-p0| . 
Unlike the Kutasov-type dual pairs, the Pouliot-type examples can be arranged to have zero 
tree level superpotential on one side. Of course after having found such transformations, 
one can always choose to turn on some classical superpotential and study resulting dual 
pair deformations. 

Our 5*0(10) theory with two spinors (which we will refer to as the "electric" theory) 
reduces to Pouliot's O2 model along a fiat direction where both spinors acquire vevs. We 
consequently begin our search for a dual to the Nq = 2 model (which we will refer to as 
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the "magnetic" theory) by looking for extensions of the SU{Nf — 3) counterpart to the G2 
theory. Since Higgsing the electric theory often induces mass decoupling on the magnetic 
side but leaves the color group unaltered, we hypothesize that G contains a local SU {Nf—3) 
factor. We also presume that the SO{10) model's full SU{Nf) x SU{2) x x U{l)n 

global symmetry is realized at short as well as long distance scales in the dual. Our initial 
guess for the magnetic symmetry group is thus 

G = [SU{Nf - 3)]j^^^^ X [SUiNf) X SUi2) x U{1)^ x U (1) (3.1) 

Following the examples of all previously constructed Pouliot-type duals, we introduce 
quark matter fields which transform under G as 

The hypercharge and R-charge assignments have been chosen so that the magnetic baryon 
p = q^f~^ naturally maps onto the electric baryon P in ( |2.(]| ). If we also incorporate the 
composite M^^^^ and N^^ electric mesons into the magnetic theory as elementary fields rrS^^^ 
and <, we find that the SU{Nff, SU{NffU{l)y- and SU{NffU{l)n global 't Hooft 
anomalies match between the 5*0(10) model and its dual. This nontrivial anomaly agree- 
ment suggests that we have properly identified all magnetic matter fields which transform 
nontrivially under the SU{Nf) global symmetry group. 

We next introduce into the magnetic theory a symmetric tensor field 

, 4Nf 3Nf - 4 , , , 

dual antiquarks 

«~(D;1,3;-2A',^,-J— 5^^^) (3.4) 

and superpotential interaction terms 

VT^ag = ^m^-'h'^s^^q^^ + ^<gf g-. (3.5) 

All of these items are common ingredients in Pouliot-type duals. The abelian quantum 
numbers for s and g are fixed by requiring invariance of both terms in VFmag under G. 



With these dual matter fields now in hand, we find that the electric baryons S 



p[*i---*ioJ _ ,pti---AtioT/n T/iio 
^0 — ^ Vi Vio 



1 Ml Vs M9M10 ^ 

can be mapped onto the magnetic operators 

^0 — fc ^ fc ■' fcxYzfcab 

ffi^^ )ajv^-9Q:Ar^_8 ('^^ V «JV^ -7Q: iV^ -6 "icKiVj. -5 "iajVy -4 "^cuiVj -3 



('5?)aiiii ■ ■ ■ ('S?)ajVf -loiiVf ('^^ ) ajv , -g^Ar , -s ('^^ ) «JVf -T^iVf -6 9ajv, -5 ^ctjv, -4 



t^l — fc ^ fc fcxYZ 



"2 ~fc fc fcXYZ [i'ljaiir K^'l) . -eiN . laN , -5^aN , -4^ 



(3.7) 



The more exotic combinations of SO (10) vectors, spinors and gluons 

Cif'---''^=e^^---^^''V;,l---V;iW^^^^Qj{^^^^ (3.8) 
may similarly be identified with the dual composites 

COx — fc e ^ CxYzCab 



<-lX — fc fc fcxYZ 1,*</Jailg l^yjajVy-TlAT^ l*"^ > Cin f -QCtN j -5^otN f -a^ 



(3.9) 

The overall consistency of these gauge invariant operator identifications is encouraging. 

Our construction of the dual to the S'O(IO) theory with two spinors has so far closely 
mimicked that for the dual to 5*0 (10) with one spinor 0. But as other investigators have 



recently observed [29], continuing in this direction ultimately leads to a dead-end. We 



^ The two anticommuting fermionic field strength tensors in C2, bo and Co must be con- 
tracted together into antisymmetric spin-0 combinations in order for these electric and magnetic 
baryons not to vanish. 
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cannot find a magnetic theory based upon the symmetry group in for which all local 
anomalies cancel, all global anomalies match and all composite operators map. We must 
therefore relax some assumption in order to make further progress. After exploring several 
possibilities, we are forced to conclude that the magnetic gauge group is not simple. We 
consequently expand our search by looking for a dual with a product color group. 

The simplest generalization which retains the previous desirable features while over- 
coming the above-mentioned difficulties has symmetry group i 

G = [SU{Nf - 3) X Sp{2)\^^^^ X [SU{Nf) x SU{2) x x U {1) (3.10) 

superfield matter content 



(□ !•□ 1-2^^ 5(iV,-4) 

'°' ' iV^-3'(iV^-3)(iV^ + 4)^ 
9-1 o. (iV/ + 2)(iV^-4) 

' ' ' Nf-?,\Nf-?,){Nf^Ay 

5S ~ (□ , 1; 1,3; -2iV,^, - J— 5^^^) 



9? 



fOLOL 

Q I 



Sa/3 



(m,l;l,l;^,2, J (3.11) 



Nf-4. 



t?~(l,2;l,2;2iV,,2^^) 

(i,i;m,i;-8,2^) 

Nf — A 

<~(l,l;n,3;2iV^-4,3^^^) 
and tree level superpotential 

(3.12) 

Several points about this product dual should be noted. Firstly, the SU{Nf — 3)"^, 
SU{Nf - 3)2t/(l)y, SU{Nf - 3yU{l)n, Sp{2yU{l)Y, and Sp{2yU{l)n anomalies van- 
ish, and an even number of doublets transform under the color Sp{2) [^. The magnetic 
gauge group and global abelian hypercharge and R-charge symmetries are consequently 



^ We remind the reader that in our conventions Sp{2) ~ SU{2). We use dotted Greek letters 
to denote Sp{2) color indices. 



9 



free of all perturbative and nonperturbative anomalies like their electric counterparts. All 
anomalies involving only global symmetries also match between the electric and magnetic 
theories for Nf > 5. Secondly, we treat the colored partons in this theory as canonically 
normalized, but we set the engineering mass dimensions of the colorless m and fields 
equal to those of their electric counterparts. In order for the magnetic superpotential to 
have dimension three, the first two nonrenormalizable terms in (|3.12| ) must be multiplied 
by dimensionful prefactors /U^^ and ^2'^. On the other hand, the Ai and A2 coefficients 
in the third and fourth terms of VFmag are dimensionless. For simplicity, we set all these 
prefactors equal to unity from here on. Finally, it is instructive to count the number 
of constraints on abelian charge assignments which determines how many nonanomalous 
U{1) factors appear within the magnetic global symmetry group. We start with the 7 
fermionic components of the q, q' , q, s, t, m, and n matter superfields along with the 
SU{Nf - 3) gluino g and Sp{2) wino w. Requiring the SU{Nf - 3)'^U{1) and Sp{2)'^U(l) 
anomalies to vanish imposes two conditions on these fermions' charges. We next recall 
that fermion-sfermion-gaugino interactions in the Kahler potential tie together the global 
quantum numbers for g and w. The terms in the magnetic superpotential (|3.12|) impose 



4 more conditions on abelian charge assignments. We thus find that the magnetic dual 
possesses 9 — 2 — 1— 4 = 2 independent global U{1) symmetries which agrees with the 
electric theory. 

The dual pair's phase structure represents an important dynamical issue. The Wilso- 
nian beta function coefficients for the two gauge groups in G are given by 60 ^ ^ = 
2Nf - 12 and 60^^^^^ =8-Nf. The SU{Nf - 3) factor is asymptotically free for Nf > 7, 
while the Sp{2) factor is asymptotically free for A^^- < 7. Since there is no value of Nf for 
which both are free in the infrared, the 5'O(10) theory does not possess a free magnetic 
phase. Instead, it exists at the origin of moduli space in a nonabelian Coulomb phase for 
6 < Nf < 19 vector flavors. For Nf > 20, the magnetic theory flows to the weakly coupled 
S'O(IO) theory at long distance scales. The absence of a free magnetic phase is a common 
feature in all similar dual pairs P,p|,|27|-|30[] . 



We next construct maps between gauge invariant operators in the 5'O(10) and 
SU{Nf — 3) X Sp{2) theories. We have already matched several operators in (|3.6|) -(|0|), 
but there are many others to consider. We flrst identify the composites 

k = e.^e"ty, (3.13a) 
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r — e fcai---ajv^_3fcQ,^fcij y^g Qij^^ qi i^j (^o.ioc; 



as partners to P, R and T in (|2.6|) . These magnetic hadrons share exactly the same 
quantum numbers as their electric theory counterparts. In particular, their transformation 
rules under the global SU{2) which rotates the two spinors on the electric side are fixed once 
we form gauge invariant combinations of the dual matter fields. Other chiral operators 
besides those which act as moduli space coordinates in the confining phase can also be 
mapped. For example, the exotic 5'O(10) invariants 



are identified with linear combinations of the SU{Nf — 3) x Sp{2) singlets 

u = det s 



(3.14) 



(3.15) 



We should point out that det s does not appear anywhere within the magnetic superpo- 
tential ( |3.12| ). This feature of our product dual represents an interesting departure from 
previously studied Pouliot-type models. Since u = det s is not rendered redundant by 
equations of motion, it must match onto some linear combination of the primary U and 
V electric composites. Further details on mapping these Q'^W^ operators are presented in 
Appendix A. 

Given that det s does not appear in the SU{Nf — 3) x Sp{2) theory's superpotential 
but does enter into VFmag in Pouliot's SU{Nf — 3) dual to the G2 model, we should inquire 
how this term arises when we deform the former into the latter. Recall from (|2.4|) that 
generic expectation values for the two 16-dimensional spinors Qi and Q2 break the SO{10) 
color group down to G2- This symmetry breaking can alternatively be viewed as resulting 
from a large expectation value for the composite operator K ~ {QiQ2)'^'- 

(K)=a4»A4^(,o)- (3-16) 



The mapping in (|3.13a|) then implies that the dual parton field t develops a nonzero vev 
which can be rotated into the form (t") = a^e". This condensate for t gives mass to the 
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q' and q matter fields via the last term in (|3.12|) . Once heavy degrees of freedom are 
integrated out, the tree level magnetic superpotential reduces to 

W^mag ^ m'^''\rsc.pq^ - '^qoSc.pq^ (3.17) 

where m'^^-'^ = m*^*-^^ — ^jul^ni^ and qQ denotes the only component of q'"" which does 
not grow massive. The vev for t also completely breaks the magnetic Sp{2) color group. 
As a result, instanton effects generate the dynamical superpotential 0] i 

Wayn = ^^dets. (3.18) 



After combining this quantum contribution with the classical terms in (|3.17[), we reproduce 



the total superpotential in Pouliot's dual to the G2 model along with its gauge group and 
matter content 0. This successful recovery of an old dual from our new one constitutes 
an important consistency check. 

It is interesting to explore other deformations of the Nq = 2 5'O(10) model which 
yield novel dual pairs. We can find magnetic descriptions for a large number of electric 
theories by flowing along various vector and spinor flat directions as illustrated in fig. ^ 
For example, we sketch the derivation of a dual to an 5*0(7) model with Nf spinors and 
one vector. We first Higgs the 5'O(10) gauge group down to 5*0(7) by turning on a vev 
for A^^^' = N^^ + iN^'' . We next give mass to all singlets not eaten by the superHiggs 
mechanism. The resulting deformed electric theory becomes 

G ^ ^0(7)iocai X [SU{Nf) X [/(I), X f/(l)H] global (3-19) 
with superfield matter content 



N,-i. 



f 

Nf-4. 



(3.20) 



Qf-(8;n;-i,^) 



^ The nonperturbative mechanism underlying (3.18) is the same as that which produces the 
determinant within the Nf = Nc + l SUSY QCD superpotential W = {BMB - det M)/A'^^'''^ 



[35]. When the magnetic SU{2) gauge group in the Nf = Nc + 2 theory is Higgsed, the detM 



term is generated by a weak coupling instanton process [|T|. 
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On the magnetic side of the dual pair, we rename aU matter fields that previously trans- 
formed as doublets or triplets under the global SU{2) in ( |3.10| ) which no longer exists 
in the new SO{7) theory. Then after inserting (n^^) into VFmag and eliminating heavy 
degrees of freedom by solving their equations of motion, we find that the deformed dual 
has symmetry group 

G = [SUiNf - 3) X Sp{2)\^^^^ X [SU{Nf - 1) x C/(l);v, x x f/(l)«]gi^bai' (3-21) 

matter content 

^ / - 2 Nf-2 3(Nf - 4) , 
~ f □ 1- □ — — ) 



fOLOL 

Q 1 



/aa. 
Q 2 



(a 2-l- ^f~^ l N/-3Nf-2 l {Nf+3){Nf-4) 
^ ' ' 'A^/-3' 2 A^/-3 '2(iV/ + l)(A^/-3)^ 
g... iV/-l l {Nf-2){Nf-l) 3 {Nf-l){Nf~4) 
^ ' ' 'Ar/-3'2 Nf-3 ' 2{Nf + l){Nf -3)^ 



(Nf-4){Nf-l) {Nf-2f Nf^-UNf + 3Q 
^ ^ ' ' ' Nf-3 ' Nf-3 ' {Nf + l){Nf-3)' 
^3 (iV^-4)(iV;-l) Nf-A 7Nf - 18 . 

^"^^ ' ' ' Nf-3 ' Nf -3' {Nf + l){Nf -3)^ 
, ^/ - 1 2 ANf - 6 . 

(m ,i;i;-2^;^^,-^;^^, ^ ^^^^^ _ 3) J 



1 V ' ' ' /' 2 ' 2Nf + l' 

■ , Nf -2 3Nf -4. 

(?~(l.2;l;l-iV,.^.5^) 

«>~(l.l;m;2,-2.2^) 



n 



Nf + 

f 

Nf — 4 

n^_^{l,l;n;2-Nf,Nf-2,3jf^) 



Nf — 4 

^3~(l,l;n;2-iV,,-2,2^) 



/ 

Nf — 4 
(l,l;l;0,2iV,,2^) 



n^^ ~ (l,l;l;0,2iV;,2-^ 
and tree level superpotential 
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(3.22) 



(3.23) 



Only an SU {Nf — 1) x C7 (1) subgroup of the global SU {Nf) that rotates the spinors 
in the SO{7) theory is realized at short distance scales in this dual. The subgroup's origin 
can be traced from the flows in fig. |l|. One of the two 16- dimensional spinor fields is eaten 
when 50(10) is Higgsed down to SO(7), while the second breaks apart as 16 ^ 8 + 7 + 1. 
Nonrenormalizable terms pick out the lone 8 from the 16 and prevent its mixing with the 
Nf — 1 other spinors that come from the lO's. The full SU{Nf) symmetry is restored in 
the electric theory only in the far infrared where all nonrenormalizable interactions are 
negligible. On the magnetic side, the SU{Nf) symmetry is realized in the infrared only at 
the quantum level. Similar accidental restoration of global symmetries was first observed 
in SU (2) duality and has been discussed in the recent literature 



As a final check on the SU{Nf-3) x 5*^(2) counterpart to the Nq = 2 SO(IO) model, 
we investigate its entry into the confining phase when Nf = 5. In this case, the dual gauge 
group reduces to Giocai = SU{2)j^ x Sp{2)j^ where we have appended left and right labels 
onto the two group factors in order to distinguish them. The SU{2)l and Sp{2)ii gauge 
groups are respectively infrared and asymptotically free at high energies. The latter grows 
strong at a scale A^. and confines the 6 doublets q' and t into the antisymmetric matrix 

m 

(^.)!f^'=^(axa,),V^(^2).^?'f (3-25) 

K)x = i{(y^(y2),jq'T{(^2)^pt^j 

along with the Sp{2)p, invariants in ( p.22| ) then represent the active matter degrees of 
freedom. Their dynamics are governed by the superpotential Wji = VFtree + W^iyn where 

Wtree = m^'^Ur Sc.pq? + Kq^ql - Sc^pis^r^ + qlMZ (3.26) 



The mesons 



and 



dyn - ^ 3 - ^T— 3{^(Pf ^fl)(Pf ^fl) - kdetSn- ula2SRa2UR- {vR)la2SRa2{vu 



An 8Ar' 

- e^Yz{vR)'^a2{tR)Y(J2{vR)z + {vR)'^a2{tR)^a2UR - w^a2(tR)xCr2(t^R)x|- 

(3.27) 
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The last two terms in ( p.26 ) render massive the SU{2)^ triplets s and s^j as well as the 



doublets q and v^. Once these heavy fields are integrated out, only six S'f/(2)^ doublets 
in q and u remain. Below a scale A^, the SU{2)i^ color force confines these fields into the 
meson matrix „ „ 

\uU<y^)pc.qr J 

and generates the additional superpotential term VF^yn ~ -^^ -^i/A^^. After collecting 
together the separate quantum and classical contributions and renaming all composites in 
terms of the Nf = 5 magnetic baryons 

Pij = e^pqi q'j 

n = e^pe^^e.jqtqff^r, = -e^pq^u^f (3.29) 

= eai3e^p{ay,a2)i.jq i q j = «ea/3(tR)x , 
we obtain the superpotential which controls the dynamics in the extreme infrared: 

Wtot = Wt,ee + W^d'yn + W^yn 

~ Hxtx + exYz?^x<Pij^z + Kr,t^ + e'^'^^'^pijPkirm (3.30) 

The functional form of this magnetic result coincides with the first seven terms in the 
electric superpotential in (|2.8|). As in all previous Pouliot-type duals, there are some 
remaining nonrenormalizable terms whose origin we have not been able to identify. But 
aside from these last four terms, we see that the magnetic theory properly reproduces the 
confining phase for the Nq — 2 S'O(IO) model. 

4. The general dual 

We now consider the dual to the 5'O(10) theory with arbitrary numbers of spinors 
and vectors. The enlarged electric theory has symmetry group 

G = 5O(10)iocai X [SU{Nf) X SU{Nq) X [/(I), x ^7(1)^]^^^^^^^ (4.1) 

and superfield matter content i 

F;~(lO;n,l;-2ArQ,i?) 

(4.2) 

Qf ~ (16;1, □ ■Nf.R) 



^ To avoid excessive cluttering of composite operator indices, we label 5*0 (10) spinors with 
lower flavor indices even though they transform according to the fundamental irrep of SU{Nq). 
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where R = 1 — 8/ {Nf + 2Nq). Various operators act as gauge invariant coordinates on the 
moduh space of this new theory. We wiU focus upon those which generahze the Nq = 2 
composites in ( p.6|) : 

K 

IJKL 



QIT^CQ,,)QJ,T^CQ 



N, 



(ij) 



J^IJKL 



rp[ijklm\ 
^{IJ} 



{Vy^V^-{l;n2A;-4NQ,2R) 
QirCQj) ~ (1; □ , m ; 2iV^ - 2Nq, 3R) 
l^Qf.P'rr'^CQ,^ ~ (1; g , B ■,2Nf-6N^,5R) 
^QIi^'-QdQIk^ ^fHVT^CQ,^ ~ (1; E ,ffl ;4iV^-8iV^,8i?) 

i.gT^[y.y Y'r^^^CQ,) ~ (1; : , m ;2iV^ - \m^,iR). 



(4.3) 



Determining the quantum numbers for the two-spinor operators M, A^, P and T is straight- 
forward. On the other hand, figuring out the SU{Nq) irrep assignments for the four-spinor 
hadrons K and R is not so trivial. Previously when we had only Nq = 2 spinor flavors, 
we used counting and anomaly arguments to deduce that these baryons were global SU (2) 
singlets. Now that we have expanded the electric theory to include arbitrary numbers 
of spinors, neither the number of independent quartic spinor SO{10) invariants nor their 
transformation rules under SU{Nq) are immediately obvious. 

In order to address these questions, it is useful to recall two Fierz identities ji^ : 

frt'^r^r'^r^r^iPi) /^r^ r,r,r,r;,]P±) = o 

V / AB \ / CD 

fri/^r^r^iPi) (T[^t^Tx]P±) =i2fr^p±) fr^i^±) +24fr'^p±) (t^p±) ■ 

\ / AB V / CD \ / AB V / CD V / AD \ / CB 

(4.4) 

The flrst relation implies that the S'O(IO) invariant Q(,r[''^'^^^lC(5,,)(5(^r[^^^^A]CQi.) 
simply vanishes. The second guarantees that the operator ^[jrt'^'^^lCQjjQjj^rj^^;^] 
can be decomposed in terms of others of the form Q [iV^CQ j)Q (^j^V ^CQ So without loss 
of generality, we need only consider four-spinor composites of this last type. Such hadrons 
transform under SU{Nq) according to the product representation 



m X m 



mm + ffl 



(4.5) 



Since the SO{10) theory with just one spinor has no flat directions [^, holomorphic 
invariants associated with the totally symmetric irrep i i 1 1 i must vanish. We thus deduce 
that four-spinor operators transform only according to the "window frame" irrep ^ . 
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The expanded SO{10) model is infrared free when its Wilsonian beta function coeffi- 
cient bo = 24 — Nf — 2Nq is nonpositive. In contrast, the theories with Nq = 1, 2, 3 and 4 
spinors confine provided they respectively possess Nf < 6, 5, 3 and 1 vectors. In between 
these two limits, the SO{10) model is asymptotically free, but gauge singlet operators do 
not suffice to describe its infrared behavior. Instead, the physics of this last phase can be 
described in terms of a dual which naturally generalizes our earlier SU {Nf — 3) x Sp{2) 
product theory. 

The magnetic dual is based upon the symmetry group 

G = [SU{N,) X 5K2iV^)] local X [SUiNf) x SUi2) x x Uil),]^^^^^^ (4.6) 

where Nc = Nf + 2Nq — 7 and A^^ = Nq — 1. It is important to note that only an SU{2) 
subgroup of the global SU{Nq) which rotates the spinors in the electric theory is realized in 
the ultraviolet on the magnetic side. The SU (2) subgroup is embedded inside SU (Nq) such 
that the fundamental A^Q-dimensional irrep of the latter maps onto the A^g-dimensional 
irrep of the former. The full SU{Nq) global symmetry is realized in the magnetic theory 
only at long distances. 

The new dual's matter content generalizes that which we previously found in (|3.22|) : 



qT ~ (□ ,1; □ A;Y,,R,) 

9a(.,......^_.) ~ ( □ , 1; 1, 2iV^ - 1; y^, R^) 

~ (m (4.7) 



m 



(ij) 



(1,1; m ,l;Y^,Rm) 



nL.. .^ ~ (1,1; □ ,2NQ-l;Y^,Rr,). 



{ll---l2Nr,~'2.) 
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The hypercharge and R-charge assignments for these fields are hsted below: 



N' ^ Nf + 2 ^ 



' c 



iV^-^ ^ _ Nf^ + 2NfN^-22Nf-28Nc, + 96 

iV^ ^ 4iV^^ + 2NfN^ -Nf- 18N^ + 16 

Ft = 2Nf Rt = 2R. 

Ym = -ANq Rm = 2R 

Yn = 2Nf - 2Nq R^ = 3R. 

The tree level magnetic superpotential similarly extends ( |3.12| ) in the Nq = 2 model: 

Hi 

I ^ ,/lJl l2Nri-2J2NQ-2 „a i — (A q) 

+ Jl2^ O Q 1^^{Il■■■I2NQ-2)1o^{J^■■■■l2NQ-2) ^^■^> 

+ ^26 Q Q ■Jc.p1 J2NQ-2lc.{n-l2NQ-2)^{j^-J2^^_^y 

Here J^^ = (l^v'xiV' ® ^"^2)^^ denotes the antisymmetric metric that remains invariant 
under Sp{2N^) rotations. The coefficients //i 2 and Ai^2 represent dimensionful and dimen- 
sionless coupling constants which we again set to unity for simplicity. 

Several points about this new product dual should be noted. Firstly, it satisfies all nec- 
essary anomaly checks. The SU{Nc)^, SU{Nc)^U{1)y, SU{Nc)'^U{1) ^, Sp{2N^)'^U{1)y, 
and Sp{2N'^'^U {1) n anomalies vanish, and an even number of fundamentals transform 
under the Sp{2N^) gauge group. All anomaly matching conditions associated with the 
common SU{Nf) x SU{2) x U{1)y x ^7(1)^ global symmetry group are also satisfied. We 
display these 't Hooft anomaly values in Table 3. Secondly, we observe from the Wilsonian 
beta functions coefficients bo ^ = 2Nf + 2Nq — 16 and = 8 — Nf that the 

dual never resides within a free magnetic phase for any values of Nf and Nq . We also note 
that the Nq = 3 {Nq = 4) magnetic theory enters into the confining phase when A^^- = 3 
{Nf = 1) in a fashion similar to that for the Nq = 2 model. Finally, the symplectic gauge 
group in (|4.6| ) sees only fundamental irrep matter. By dualizing the Sp{2N^) color factor, 
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\/ a 1 n p 


SU(Nf)^ 


10 


QTT( AT A'^TT(^ \ 


on AT 

— ZUiVg 


SUiNf)^U{l)^ 


80 


SU(2)'^U(1)y 


-NfNaiNo'^ - 1) 


bU[Z) U[L)ii 


64iVQ(l-iVQ2^ 
3(iV^ + 2iVj 




-4A^fiVo 


u{i)l 


16iV;iVQ(iV/-5iVQ2) 


Uil)n 


AT,- -I- 9 NT 




numer 


U{1)IU{1), 






NfNQ 

^'\Nr + 2N,r 



Table 3: Global 't Hooft anomalies in the SO (10) theory with Nf vectors and Nq 
spinors and its SU{Nc) x Sp{2N'^) dual. The numerator of the U{1)^ anomaly 
equals 360A^q^ + 45Nf^ + 540NQ^Nf + 270A^/^A^q - 8192A^g - 5120iV/. 



we can derive another magnetic counterpart to the general SO [10) model P|,|4q]. The sym- 
metric tensor disappears from the resulting product dual, and three antisymmetric fields 
take its place. We outline the basic structure of this second dual in Appendix B. As it 
is more complicated but not more illuminating than the magnetic theory we have already 
discussed, we will not consider it further. 

As an additional check, we consider flows induced by mass deformations. If we add 
a tree level superpotential W = mV^^V^f which gives mass to a vector in the SO{10) 
theory, we find that the magnetic SU{Nf — 2Nq — 7) color group properly breaks down 
to SU{\Nf — 1] — 2Nq — 7). On the other hand, we cannot give mass to any of the 
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S'O(IO) spinors. Instead, we may Higgs 5'O(10) down to SO{9) along the flat direction 
with nonzero (V^f), and then add a mass term W = {V^f)QNQQNQ which removes 
one spinor. The effect on the magnetic theory is quite complicated. A long and careful 
analysis demonstrates that the gauge group is properly reduced and the correct matter 
fields are removed. In the case when Nq = 2, the SU {Nf — 3) x Sp{2) gauge group breaks 
to SU{Nf — 5), and instanton effects in the broken Sp{2) generate a det s term in the 
magnetic superpotential. The resulting theory thus reproduces the dual counterpart of 
50(9) with one spinor, which follows from the dual to the Nq = 1 50(10) model ||,|0|. 
Since all earlier Pouliot-type duals can be obtained from the Nq = 1 theory, our duality 
transformation contains these results as special cases. 

We next examine the mapping of gauge invariant operators between the electric and 
magnetic theories. This issue is complicated by the partial SU{2) realization of the SU {Nq) 
global symmetry in the dual. In order to match operators, we need to first decompose 
the electric hadrons' SU{Nq) representations under the SU{2) subgroup following the 
embedding □ Nq. For example, symmetric and antisymmetric tensors of SU{Nq) 
break apart as 



□ ^ J2{2NQ-l-4^) where z_ = I _ 2V2 A^ven 

i=Q 

n Y^^o^r o A-\ u ■ f(^Q -3)/2 Aq odd 

B - Y.i^NQ-3-4^) where z_ = I _ ^j/^ even. 



(4.10) 



Combining this information with abelian charge assignments, we readily find that the dual 
baryons 

p = qN,-S^'^NQ-. 



match onto P and T in (|4.3|) . Similarly, the elementary n partons in (|4.7|) along with the 
magnetic composites 

n' = (4.12) 

account for all the A fields in the electric theory. 

Whereas mapping two-spinor 50(10) operators is straightforward, finding dual coun- 
terparts to four-spinor hadrons is much more involved. We will concentrate upon identi- 
fying the magnetic partners to the operator K in (^73|). First, we decompose its SU{Nq) 
FH irrep under the SU{2) subgroup. The results for small values of Nq are displayed 
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in Table 4. We next observe that the composites t^, q^^q' " H and {q^fq' " 
have the same hypercharge and R-charge as K. The total number of these magnetic 
hadrons naively appears to exceed dimfPR) = Nq^{Nq^ — 1)/12. But it is important to 
remember that we should only count operators which are not set to zero by equations 
of motion. After carefully considering the effect of each term in WVag, we find that the 
numbers of such nonredundant t^, q^fq'^" and {q^fq'^" baryons respectively 

equal (2Nq - ^){Nq - 1), (2iVQ -3)(iV^ -2)(iVQ -3)/2 and {Nq-2){Nq-?,Y{Nq-A)/12. 
As Table 4 illustrates, these magnetic composites precisely account for all components of 
K in the electric theory. 





K 








2 


1=(1) 


1 








3 


6=(5) + (l) 


6 








4 


20=(9)+2(5)+(l) 


15 


5 





5 


50=(13)+2(9)+(7)+2(5)+2(l) 


28 


21 


1 



Table 4: Mapping of the electric theory four-spinor composite K onto nonredundant 
magnetic baryons. The SU{2) decomposition of the SU{Nq) ^ irrep is displayed 
in the second column. 

The final check of the duality transformation which we perform involves an intricate 



renormalization group flow analysis that generalizes the procedure introduced in ref. [27]. 
We first deconfine the magnetic theory's symmetric tensor and then consider the resulting 
SO{Nc + 4) X SU{Nc) X Sp{2N^) model. We investigate flows in this theory for large and 
small values of the ratio Aso/-^su, where Aso [Asu] denotes the strong coupling scale for 
5'0(A''c + 4) [SU{Nc)]. Since holomorphy ensures that phase transitions between these two 
regions cannot occur ||3^, the low energy physics of both must be qualitatively similar. 
After utilizing several different duality transformations, we find that the triple product 
theory flows to the same SO{10) fixed point for both large and small values of Aso/Asu- 
This demonstrates that our dual is consistent with Seiberg's well-known results. 

We first consider the Aso ^ ^su case. The SO{Nc + 4) factor then grows strongly 
coupled, and the renormalization group fiow passes through the intermediate stages 
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SO{Nf + 2Nq - 3) X SU{Nf + 2Nq - 7) x Sp{2Nq - 2) 

I (SO confinement) 



SUiNf + 2Nq - 7) X Sp{2Nq - 2) (4.13) 

i (SU X Sp duality) 
50(10) 

before arriving at tlie final infrared fixed point. On the other hand, the flow pattern takes 
the form 

SO{Nf + 2Nq - 3) X SU{Nf + 2Nq - 7) x Sp{2Nq - 2) 

[ (SU duality) 
SO{Nf + 2Nq - 3) X SU{2Nq + 3) x Sp{2Nq - 2) 

[ (SO duality) 

50(10) X SU{2Nq + 3) X Sp{2Nq - 2) (4.14) 

i (SU X Sp duality) 
50(10) X 50(10) 

I (Tree level breaking) 
50(10) 

when Ksu ^ ^so- The first two steps involve Seiberg's duality transformations |ll|,pO|, 
while the third utilizes the variant of our duality transformation discussed in Appendix C. 
The closure of the two duality chains in ( 4.13 ) and ( ^4.14| ) constitutes a highly nontrivial 



consistency check on our results. 

The details underlying this fiow analysis are presented in Appendix D. The interested 
reader will find them remarkable in their complexity and intricacy. 
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5. A composite Standard Model 

In his original work on A/" = 1 duality, Seiberg speculated that the Standard Model 
might represent a low energy effective description of a more fundamental theory with a 
totally different gauge group [Q. In such a scenario, some or all of the ordinary matter 
and gauge particles would be composite. As the Minimal Supersymmetric Standard Model 
is weakly coupled at all energies between the SUSY breaking and Planck scales, there is 
little point in constructing a dual to it. But if Nature contains additional vectorlike matter 
with masses between Asusy and Apianck, the Standard Model with these extra fields could 
become strongly interacting at high energies. In this case, it would clearly be beneficial to 
find a weakly coupled description of the microscopic physics. 

If one simply adds matter charged in fundamental representations and tries to apply 
Seiberg's SU{N) duality transformation to the individual nonabelian factors of the Stan- 
dard Model gauge group, one encounters an unending sequence of duals involving ever 
larger gauge groups and shorter energy regimes Some attempts to evade this "Dual- 
ity Wall" have been made in the past [^. But to properly overcome this problem, one 
needs either to dualize two or three of the Standard Model's subgroups simultaneously or 
to unify the Standard Model within a larger group. We now present a toy model which 
follows the second approach. 

We start with an 5'O(10) grand unified theory. In order to break 5'O(10) down to 
SU{3) X SU (2) X we need a scalar field in the adjoint representation. Since we do not 
yet know a simple dual to an 50(10) theory with spinor, vector and adjoint matter, we 
adopt the deconfinement method to build the adjoint Sp{2Nc) theories with 2Nc + 4 
fields in the fundamental representation confine and are described at low energy in terms 
of mesons antisymmetric in flavor. Consequently, if we take an SO{10) theory with Nf 
vectors and gauge an Sp{6) subgroup of its SU{Nf) flavor symmetry, we can generate an 
adjoint of SO{10) below the Sp{6) conflning scale. 

We are thus motivated to consider a product theory with nonabelian symmetry group 
[SO{10) X Sp{6)]^^^^^ X [SU{Nf) X SU{3)]^^^^^^ and matter content ~ (10, 1; iV/, 1), 

~ (10, 6; 1,1), Qf ~ (16, 1; 1,3). The S'O(IO) factor is free in the infrared provided 
Nf > 12. On the other hand, the Sp{6) gauge group grows strong at energies below 
its strong coupling scale As p. It conflnes the Z partons into the antisymmetric mesons 
= Z^J^^Z^ and dynamically generates the superpotential VFdyn = Pf^/Agp. When 
this quantum effect is combined with an appropriate classical superpotential W = f{A), 
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the SO{10) gauge group breaks to SU{3)c x ^C/(2)^ x x U{1)b-l- The resulting low 

energy theory then possesses the Standard Model gauge group and chiral matter content 
along with extra vectorlike matter fields. These ingredients are precisely those we need to 
investigate Seiberg's suggestion. 

Using the results of section 4, we regard this SO{10) x Sp{6) theory itself as the low 
energy limit of an SU{Nf + 5) x Sp{4) x 5*^(6) model, provided Nf > 12. The Sp{6) 
factor acts as a weakly coupled spectator under the SO{10) ^ SU{Nf — 5) x Sp{4) duality 
transformation. 

The principle features of our toy model are thus the following. At the Planck or string 
scale, it is based upon an SU {Nf + 5) x Sp{4) x Sp{6) gauge group. This theory flows down 
to an 150(10) x Sp{6) model. The SO{10) factor is infrared free for Nf > 12, while the 
Sp{6) force grows strong at low energies and conflnes six vectors into an 5*0(10) adjoint. A 
tree level superpotential can induce an expectation value for the adjoint fleld which breaks 
the intermediate grand unifled theory down to the Standard Model. Since the adjoint and 
extra vectors are nonchiral, we can arrange for unwanted components of these flelds to 
develop large masses. We are then left with three generations of Standard Model families 
at low energies. Additional terms in the classical superpotential may be added to provide 
Yukawa couplings to these matter fields. 

This model is certainly contrived. However, it has a sensible high energy description 
and flows to the Standard Model at low energies as a consequence of strong coupling effects. 
If some scenario like this actually operates in the real world, all Standard Model gauge 
bosons and matter fields could indeed represent composite low energy degrees of freedom. 

6. Conclusion 

The duals which we have constructed in this article exhibit a number of novel features. 
Firstly, our transformation represents an essentially new type of product group duality. 
It does not follow from Seiberg's results, and it is not related by confinement to other 
known dual pairs. Secondly, it provides dual descriptions of supersymmetric theories with 
arbitrary numbers of two distinct types of matter. All previous electric theories for which 
magnetic duals have been found involve at most one infinite chain of matter fields. As can 
be seen in fig. counterparts to numerous other theories may be derived along various 
spinor and vector fiat directions. Thirdly, the role which accidental symmetries plays in 
these theories is unusual. The 5*0(10) model with Nf vectors and Nq spinors possesses an 
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SU{Nq) global symmetry. Only an SU{2) subgroup, under which the spinors transform 
according to the A^g-dimensional representation, is manifest in the SU{Nc) x Sp{2N^) dual. 
As a result, the size of the global subgroup present in the classical dual does not depend 
upon Nq. Instead, the Nq dependence resides in the matter representations of the dual 
theory. Finally, SO{10) models with spinors have clear implications for particle physics. 
We have constructed a toy model with a completely unfamiliar gauge group and matter 
content which flows down to the Standard Model via a three-generation 5*0(10) grand 
unified theory. This scenario realizes Seiberg's suggestion that all Standard Model gauge 
bosons and matter fields might represent low energy effective degrees of freedom of some 
more fundamental gauge theory. 
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Appendix A. Mapping Q^W^ 

In SO{Nc) dual pairs, gauge invariant operators involving the field strength W play an 
important role in the matching of chiral rings [^. We have already seen such composites 
in ( p.6|) - ( |3.9| ) . One can construct many more of this type. In this appendix, we examine 
the mapping of primary Q'^W^ operators in the Nq = 2 5*0(10) model. We adopt the 
gauge conventions of refs. [^9| -^ and let V denote a super convariant derivative which 
includes the gauge connection. 

= e°''^WaWb transforms under 5*0(10) according to the symmetric product (45 x 
45)s = 1 + 54 + 210 + 770. We recaU from (Q that transforms as 16 x 16 = lOg + 
120a + 126s. The relevant products we need to consider in order to form 5*0(10) 
invariants are thus 10 x 10 = 54 + 10 x 120 = 210 + 10 x 126 = 210 + 120 x 120 = 
54 + 210 -I- 120 X 126 = 210 + ... and 126 x 126 = 54 + ... . Most of the possible Q^W"^ 
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combinations are either not primary or else not independent. For example, the 10 x 10 
operator eahQ^^QQ^^'QW^^Wl^ is a descendant as VT^^QF^Q oc VaV^'V^QV^Q fS^]. 
Similarly, QFl^i -^'lrt^i'^^lQ]^^^^^ is ^ descendant since VT^^.^^r'^'^'Q = VaV^V^Q. As a 
result, products arising from 10 x 120 yield only descendant Q^W^ operators. 

After a systematic search, we find just two independent primaries which come from 
the 120 X 120 product: 

Both of these operators are singlets under the global SU{2) which rotates the two spinors 
in the electric theory. On the magnetic side, 

u = det s 

(A.2) 

share precisely the same quantum numbers as U and V . We thus identify the electric 
operators with linear combinations of the magnetic operators. 



Appendix B. A second general dual 

It is possible to construct another dual to the 5'O(10) model with N ^ vectors and Nq 
spinors which differs from the SU{Nc) x Sp{2N^) theory discussed in section 4. We observe 
that our original dual reduces to a symplectic theory with only fundamental and singlet 
matter fields when the SU{Nf) gauge coupling is set to zero. It is then straightforward 
to apply Seiberg's duality to the Sp{2N^) gauge group ||l|,0. After replacing the Sp{2N^) 
theory with its dual and restoring the SU {Nc) gauge coupling, we find a new magnetic 
description of the S'O(IO) model. We sketch a derivation of this second dual below. 

We start with the magnetic theory of section 4. When the SU{Nc) gauge coupling is 
turned off, the fields q'f"' and in (|4.7|) become 2A^c and 2A^q — 2 fundamentals under the 
remaining Sp{2N^) group. ^ We recall that the dual to Sp{2Nc) with Nf fundamentals 
has gauge group Sp{Nf — 2A^c — 4). The gauge group in our new magnetic theory is thus 
SU{Nf + 2Nq - 7) X Sp{2Nf + 4Nq - 18). 

^ In this appendix, we adopt the index / as shorthand for (/i • • • hNg-s)- 
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Seiberg's duality transformation introduces certain mesons as fundamental fields on 
the magnetic side. These mesons correspond to Sp{2N^) invariant combinations of q'f'"^ 



and tj: 



(B.l) 

It should be noted that ("^g't)"j is not irreducible under the SU{2) flavor group, but is 
rather the direct sum of two irreps with dimensions 2Nq — 1 and 2Nq —3. When expressed 
in terms of the mesons, the magnetic superpotential of ([4 .91) becomes 



W^mag = mqsq + m^^^ s + qnq + mq'tq- (B.2) 

We must also include superpotential couplings between the dual quarks q'^j and tf and 
the fields in (Q: 

AVTmag = m^-'^'q' + m^"-^'q' + mq,tq'i + mtii. (B.3) 

The bilinear terms in (|B.2|) give mass to iirS^\ s, q and 2Nq — 1 components of mq't- Upon 
integrating out these heavy fields, we arrive at the new dual theory which has nonabelian 
symmetry group 

G' = [SU{Nf + 2N^ - 7) X Sp{2Nf + 4iV^ - 18)] ^^^^^ x [SU{Nf) x ^^7(2)]^^^^^^, (B.4) 
matter content 

g~ (□ ,1; □ ,1) 
;1,2) 
;l,2iVQ-2) 

™<")^(B.l;1.3) ^^^^ 

mq>t ~ (□ ,l;l,2iVQ-3) 
m ~ (1, 1; m , 1) 
n~ (!,!;□ ,2Nq-1) 
mt ~ (1, 1; 1, [{2Nq - 2) X {2Nq - 2)]^) 
and tree level superpotential 

W^mag + AVFniag = mqqq q + gng't + rrS°'''qq + ruqitqi + mttt. (B.6) 



For brevity's sake, we do not display any U{1) charge assignments in appendices B, C or D. 
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As in the original dual, the Wilsonian beta function coefficients for the new magnetic 
gauge couplings 

b^^ = 12-Nf- 2Nq 

(B.7) 

b^P = 2Nf + SNq - 16 
indicate the absence of a free magnetic phase. 

Appendix C. A related duality transformation 

An interesting variant on our duality transformation can be found by considering a 
particular relevant perturbation in the form of a nonzero superpotential. Consider a theory 
with symmetry group 

G = ^O(10)iocai X [SU{Nf) X SUi2)]^^^^^^ (C.l) 

and matter content 

~ (10; □ , 1) 

(lO;l,2ArQ-l) (C.2) 
Qfr^ Nq) . 

In the absence of a superpotential, this is simply a theory of the type in ( [4 .21) with Nf + 
2Nq — 1 vectors. However, using the fact that two Nq representations of SU{2) can be 
contracted symmetrically to form a 2A^q — 1 representation, we can add the superpotential 
Wtree = Z^QjQj while preserving the symmetry group ( |2.1|) . 

In the absence of the electric superpotential, the dual representation is given by an 
SU {Nf + 4Nq — 8) X Sp{2Nq — 2) gauge theory. The addition of the superpotential can 



be analyzed using the details of the duality given in ( [4.6| )-( ^^) . After performing a long 
but straightforward analysis and renaming various fields, one finds a magnetic theory with 
symmetry group 

^^(2)] global (C-3) 



G = [SU{Nf + 2Nq - 7) 


xSp{2N,-2)]^^^^^x[SU{Nf) 


and matter fields 






C~ (□ ,1) 




-(□,n;i,2) 




..,,^^_,)~(n,l;l,2Ar^-l) 






fa 


-.2.^-3) l'2Ar^)- 




m^*-^) ~ (1, 1; m , 1) 







(C.4) 
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The superpotential has the same form as (f4.9| ) with the obvious replacements of fields. 
Although this theory looks deceptively similar to the magnetic theory of Section 4, it is 
different in important ways. First, the field t transforms in the 2Nq dimensional rep- 
resentation of SU{2), unlike the field t in (|4.7|) which is in the 2Nq — 2. Furthermore, 
the "window-frame" invariant K = is zero because of the superpotential. Instead the 
operator P is mapped to Z^. Also, while the operator m*-^ is again the image of V^V^ , the 
operator is now mapped to V^Zx- 



Appendix D. Renormalization group check 

In this appendix, we present the details of the two sets of duality transitions summa- 
rized in ( ^.ltj| )-( pt.l4] ). At each stage, we assume that the gauge groups not involved in the 
duality transition are weakly coupled at the energy scale of the transition, so they can be 
treated as spectators. This assumption can always be satisfied for appropriate choices of 
the high energy coupling constants. 

At ultrahigh energies, the theory has nonabelian symmetries 



G = [SOi2NQ + Nf-3) X SU{Nf+2NQ-7) x Sp{2Nq -2)\^^^^ x [SU{Nf) x SU{2)] 



global 

(D.l) 



and matter fields 



(1, □ ,1; □ ,1) 
(!,□,□ ;i,2) 

(□ ,1;1,2Nq-1) 

(□,n,l;l,l) (D.2) 
(1,1, □ ;l,2Ar^-2) 
(1,1,1; m ,1;) 
(l,l,l;n ,2ArQ-l) . 

These fields are the same as those in ( [1.7D except for the absence of the field s and the 
presence of a field u. We will soon identify s as the bilinear uu. The superpotential for 
the theory is consistent with this identification: 



I 

Q 
Q 

u ~ 
t 

m ~ 
n 



W — mquuq + q'uuq' + nqq + qqt . 



(D.3) 



Consider the renormalization group flow of ( ^1.13|) , for which the SO factor becomes 
strongly coupled flrst. The SO{Nf + 2Nq — 3) gauge group contains Nf + 2Nq — 7 vector 
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representations and no other charged matter. Such a theory is known to confine and to 



have an effective description in terms of a bihnear composite field uu No dynamical 



superpotential is generated. The field uu, if identified with s, leaves the remaining 
SU X Sp theory with the gauge group, matter content, and superpotential of the theory 
(^^ ) - (|4.9|) . The low energy dynamics is thus equivalent to 5(9(10) with Nf vectors, Nq 
spinors and vanishing superpotential. 

Now let us consider the more intricate behavior of (|4.14| ) which follows from allowing 



the gauge coupling of the SU group to grow strong first. Since the SU group has only 
fundamentals and antifundamentals, we may take its dual using Seiberg's transformation 
This leads to a low energy SU{2Nq + 3) gauge group. The bilinears A = q'u, B = q'q, 
C = qu and D = qq all become singlet fields in the low energy theory, while dual quarks 
q,q',u,q now appear. The field i? is a reducible representation under the SU{2) fiavor 
group; for reasons which will become clear we name its two irreducible components t and 
t. Under the symmetries of the theory 



G = [SO{2NQ+Nf-?,) X SU{2Nq +3) x Sp{2N^-2)\ ^^^^^ x [SU{Nf) x SU{2)\ (D.4) 

the matter fields transform as 

A~ (□ ,1, □ ;1,2) g~ (1, □ ,1; □ ,1) 

t~ (1,1, □ ;l,2iVQ-2) q' ^{1, □ , □ ,1,2) 

£~ (1,1, □ ;l,2iVQ) ^~ (1, □ ,l;l,2iVQ-l) 

C~ (□ ,l,l;n ,1) (□ , □ ,1;1,1) (D.5) 

D ~ (1, 1, 1; □ , 2Nq - 1) t ~ (1, 1, □ ; 1, 2Nq - 2) 

m~ (1,1,1; m ,1) 
n~(l,l,l;n,2iVQ-l) . 

The superpotential of this theory is 

W = A'^ +tt + Aqu + tq'^ + iq'^ + Cqu + Dq'^ + mCC + nD . (D.6) 
The fields A, t, t, n, D are massive and can be integrated out. This leaves the superpotential 

W = quuq + iq'^ + Cqu + mCC . (D.7) 



The theory actually has a second branch with a destabilizing dynamical superpotential. We 
disregard this other branch as no supersymmetric vacua are associated with it. 
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The SO{Nf + 2Nq — 3) group can now become strongly coupled. It has only vector 
representations C and w, so its strong dynamics can be described using Seiberg's duality 
The low energy group, independent of Nf and Nq, is SO{10). The fields C and u 



combine to give SO{10) singlets E = CC, F = Cu, and s = uu, and there are dual quarks 
V and V which are vectors of SO{10). The symmetry group is now 

G = [50(10) X SUi2N^ + 3) X Spi2N^ - 2)]^^^^^ x [SU{Nf) x SUi2)]^^^^^^ , (D.8) 

under which the matter fields transform as 



m ~ 


(i,i,i;m ,1) 


V ~ 


(□ ,1,1; □ ,1) 


E ~ 


(i,i,i;m ,1) 


V ~ 


(□ , □ 


F ~ 


(1, □ ,1; □ ,1) 


q ~ 


(!,□,□ ,1,2) 


q ~ 


(1, □ ,1; □ ,1) 


q ~ 


(1, □ ,l;l,2iVQ-l) 






s ~ 


(1, m ,1;1,1) 






£~ 


(1,1, □ ;l,2iVQ) . 



(D.9) 



The superpotential is 

W = qsq + iq''^ + svv + Fq + mE + EVV + FVv . (D.IO) 

The fields m, E, F, q are massive, and when they are integrated out the last four terms in 
the above superpotential are removed. 

The SU X 5"^ subgroup of this last theory has charged matter which is similar to the 
magnetic theory discussed in Appendix C. However, there are several minor differences. 
First, the field q in ( |C4| ) is replaced by the field v above. The fact that v is charged under 



SO{10) will not matter as long as SO{10) is weakly coupled. Second, the superpotential 
( p.lOp contains the extra term svv; this causes no difficulties since it is mapped under 
duality to a corresponding term in the electric superpotential. Third, the mesons rh and 
n in ( |C.4|) are missing, along with their superpotential couplings. However, it is easy to 
convert the duality of Appendix C to this situation by adding singlets m and h to both 
sides, along with the superpotential couplings AW = mm + fifi on the SU x Sp side and 
AW = mVV + hVZ on the 50(10) side. 

Thus, under the duality of Appendix C, the 50(10) factor is a spectator, while the 
SU X Sp subgroup is transformed into a second 50(10) factor with Nq spinors, along with 
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2Nq — 1 vectors and 10 fields V in the vector representation of both S'O(IO) groups. 
The fields M. = svv and Af = vq are also present. Note that M. decomposes under the 
first »S'O(10) into a traceless symmetric tensor A4s and a singlet Aio. The symmetry group 
of the theory is 

G = [SOm X 5O(10)]^_^ X [SUiNf) X 5t/(2)]^^^,^^ , (D.ll) 

and the matter content is 

^-(□,l;n,l) ~ (m ,1;1,1) 

V -(□,□; 1,1) A^o~ (1,1;1,1) 



Z~ (l,n ;l,2iVQ-l) AT- (□ ,l;l,2iVQ-l) 

Q~ (l,16;l,iVQ) 



(D.12) 



The superpotential of the theory is 

W = ZQQ + Mo + {Ms+Mo)VV + AfVZ . (D.13) 
The linear term A^o is the image under duality of the extra term svv in the superpotential 

Because of the linear term, the equation of motion for JHq causes trVV to condense. 
D-term conditions force the field V to develop a diagonal expectation value which breaks 
S'O(IO) X S'O(IO) to the diagonal 5'O(10) subgroup. The AfVZ term gives mass to Z and 
A/", while the AiW term gives mass to A^s, Aio and the 55 components of V which are 
not eaten by gauge bosons. This eliminates the entire superpotential. The remaining fields 
are Nf vectors V and Nq spinors Q under the 5'O(10) gauge group. This is the endpoint 
of the fiow ( [4.141 ) , and it matches with the endpoint of (|4.13[) . 
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Figure Captions 

Fig. 1. Renormalization group flows along various flat directions of the SO{10) model 
with Nf vectors and Nq spinors. Non-singlet matter contents for each sub-theory 
are listed. The flat direction which connects the SO (7) model with Nf —3 vectors 
and 2Nq spinors to the G2 theory is not displayed for clarity's sake. 
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